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Abstract 

We present a method for Baxterizing solutions of the constant Yang-Baxter equation 
associated with Z-graded Hopf algebras. To demonstrate the approach, we provide exam- 
ples for the Taft algebras and the quantum group Uq [sl{2)]. 

1 Introduction 

The word "Baxterization" was originally coined by V.F.R. Jones [1,2] to refer to the insertion 
of a parameter into a solution of the constant Yang-Baxter equation so that it becomes a 
solution of the parameter dependent Yang-Baxter equation. This is done in such a way that 
the resultant parametric solution reduces to the original constant one in some suitable limit. 

There exist well-studied methods of Baxterization, especially those associated with quan- 
tum groups. Both universal (i.e. representation independent) [2-5] and representation depen- 
dent [1,2,6-13] approaches have been developed. 

In this paper, we introduce a new method of Baxterizing universal R-matrices arising from 
Z-graded associative algebras. In particular we focus on Z-graded Hopf algebras. The prime 
examples with which we demonstrate our results are the Taft algebras [14, 15]. 

The (multiplicative) parameter dependent Yang-Baxter equation (YBE) is 

Ri2{x)Ri3{xy)R23{y) = R23{y)Ri3{xy)Ri2{x). 

Here R, known as an i?-matrix, is an operator on V f^i V for some vector space V. We 
use the standard notation that R13 G End {V V ^ V) represents R operating on the 1st 
and 3rd components oiV<SiV^V, and similarly for Ri2,R23- This equation has a variety of 
applications, particularly in exactly solvable models in statistical mechanics [16] and quantum 
field theory [17]. Consequently, it is always of interest to develop new methods of solving this 
equation. Certainly there already exists a body of elegant works dedicated to solving this 
equation, some noteworthy articles being [6, 18, 19]. For a good overview of the parameter 
dependent Yang-Baxter equation and its solutions, see for example [20] or [21]. 
By contrast, the constant Yang-Baxter equation 

R12R13R23 = R23R13R12 
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has no parameter dependence and hence is easier to solve. Sohitions are known in many 
different contexts, most significantly Drinfeld's universal solution arising from the quantum 
double construction for Hopf algebras [18]. Prom a solution of the parameter dependent YBE, 
one can easily obtain a solution of the constant YBE (by taking some suitable limit), but the 
converse is not true. As mentioned above, there are well established Baxterization techniques 
for quantum groups, however these methods do not extend to Hopf algebras in general. 

In this paper we present a straightforward method of obtaining a universal parameter 
dependent solution from a constant solution in the context of Z-graded Hopf algebras. To 
demonstrate the method, we provide specific examples for the finite dimensional Taft algebras 
and the quantum group Uq [sl{2)]. 

2 Universal Baxterization 

Definition 2.1 Let H he an associative algebra with unit with multiplication m. Let A he a 
suhalgehra of H. If we can find {AP\p € Z} such that 

(i) A = ®^Av 
and 

(ii) m:AP(^A'i^ AP+i, 

then we say A is "L-graded, and call A = 0^ A^ the "L-grading of A. If there exists some p / 
such that A^ ^ {0} we say the "L-grading is nontrivial. 

Proposition 2.1 Let H be an associative algebra with unit. Suppose H has subalgebras A,B 
with Z-gradings A = 0^ A^ and B = 0^ respectively. If H contains a solution of the 
constant Yang-Baxter equation of the form 

where G A^ and b^^ E B'', then 

i a 

is a solution of the multiplicative parametric Yang-Baxter equation. 

Proof: It is given that R = a^a'^Ki satisfies the constant Yang-Baxter equation 

R12R13R23 = -^23-^13-^212- 

Substituting in, this is equivalent to stating 

i,j,k,a,l3,'y p,q,r,S,e,K 

In particular, we can equate the entries belonging to A^ ® H ® B'^, giving 

j,a,l3,j q,5,e,K 
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Now we substitute the parametrized R-matrix R{p,) into the parametric Yang-Baxter equation: 

s,t q,5,e,K 
p,q,r,S,e,K 

as required. 

It is possible to generalize the result of Proposition 12.11 to include Z"-graded algebras. 
The result is that if R is an element of ©pg^" ^ then a universal Baxterization exists. 
Explicitly, let 

R= Y 

where & A^, 6^ G .B'". The Baxterized solution will then be 

where r : Z" — > Z (or some other appropriate codomain) is a group homomorphism under 
addition. The proof of this result is essentially the same as the proof of Proposition 12. li We 
will not, however, make use of this generalization in the current article. 

One algebraic structure where a nontrivial Z-grading may arise is the Drinfeld double of a 
Hopf algebra. To understand the Drinfeld double, we first introduce the dual of a finite Hopf 
algebra H, which we denote H* . 

The vector space underlying H* is the set of linear maps / : if — > C. We choose the 
bilinear form 

{f,x) = f{x), VxeF. 

If H has basis {cj}, then we choose {a|} as a basis for H* , where 

{a*,aj) = 5ij. 

The structure of H* is induced by that of H. Specifically, if H has multiplication m, unit u, 
coproduct A and counit e then H* becomes a Hopf algebra with multiplication m* , unit u*, 
coproduct A* and counit e* defined by: 

{m*{a* (g) a*), a^) = {a* (g) a*, A(afc)), {u*{k),ai) = ke{ai), VA; G C, 
{A*{a*),aj ®ak) = {a*,m{aj(^ak)), e*{a*) = {a*,e). 
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The Drinfeld double of a finite Hopf algebra H, which we denote D(H), is a quasitriangular 
Hopf algebra spanned by elements of the form {gh*\g H,h* (z H*}. Details of the algebraic 
structure and costructure of D{H) can be found in [18]. Of particular relevance here is the 
property that D{H) contains a canonical solution of the Yang-Baxter equation of the form 

R = ^ flj ® a*, 

i 

where {aj} is a basis for H. Here we identify with Oje and (aj)* with n(aj)* where e and u 
are the counit and unit of H respectively. 

Using this universal i?-matrix, we have the following result: 

Proposition 2.2 Let H be a finite- dimensional "L-graded Hopf algebra with nontrivial Z- 
grading H = 0p^^. // the coproduct of H satisfies 

A : ^ ^« ® AP-'^, Vp G Z, 
q 

then D[H) nontrivially satisfies the conditions for Proposition \2.1\ 

Proof: Let have the basis {af} and have the basis {{oF^)*\a\ S A^}. Clearly the dual 
of H can be written as H* = ^pB^. Moreover an R-matrix for D{H) is Ylj^j (^j)* ^ 
®pAP (8) B^. Thus it remains only to show m : B^ B'^ bp+q where m represents 
multiplication within D{H). 
But 

Hi<r ® K)*),«D = no* ® (ajr,A{al)) 

= if r ^ p + q. 

Thus m : B^^B'^ — > for allp, g G Z. Hence D{H) satisfies the conditions for Proposition 

[23 

3 Example: Uq[sl{2)] 

The g-deformed Lie algebra Ug[sl{2)] has generators e,f,h satisfying 

[e,/] = ^-^, [h,e] = 2e, [hj] = -2f, 
q-q ^ 

where q is the deformation parameter. Define [n]q and [n]q\ as follows: 




[n]g\ = [nUn-l]q...[l]g. 
Then Uq[sl(2)] contains the following universal i?-matrix [22]: 
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5n 



n=0 



2\n 



n 



Now set H = (h) to be the subalgebra generated hy h, A = {h, e) to be the subalgebra 
generated by e and h, and B = (/i, /) to be the subalgebra generated by / and h. Then A has 
the natural Z-grading A = ^i^^i^A^ where A^ = He'', k > 0. Similarly, B has the Z-grading 
B = ©^gpj B^ where B'' = Hf, k>0. Note that with these Z-gradings R G Q^gj^ A'' (g) B'', 
so we can apply Proposition 12.11 We find that 

n=0 



2^n 



q- 



is a solution of the mulitplicative parametric Yang-Baxter equation. 
Applying the spin-^ representation, which is given by 



1 




/ 





1 
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this becomes 



fq^ 

q 2 liq ^{q — q 
q-^ 

Vo gty 

Similarly, applying the spin-1 representation, which is given by 



0\ 








f = Vq + q^ 
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the parametric i?-matrix becomes 
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fiq 






-Hq' 
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q-^) ^i'^q^\q- q^^)^{q + q^^) 



fiiq^-q-^) 
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4 Example: Taft algebras 

The Taft algebra T/v,g [14] over a field F is an A^^-dimensional algebra with unit e generated 
by (a, a;|a^ = e, = 0,xa = qax). Here g is a primitive A^**^ root of unity in F. We choose 
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{a^x-'lO < i,j < n} as a basis for T^^q, and note that multiplication of two basis elements is 
given by (a*x-')(a*^x') = q^^a^~^^x^^K 

The Taft algebra Tjvg becomes a Hopf algebra when endowed with a costructure and 
antipode defined on the generators a, x by: 



A(a) = o (8) a, e(a) = 1, 7(a) = a 

A(x) = x(8'e + a(8'x, e(x) = 0, l{x) = —a~^x. 

Here A, e and 7 represent the coproduct, counit and antipode respectively. 

The coproduct and counit extend as homomorphisms to all of T/v,g- Following the notation 
of [15], we define {n)g = 1 + q + ... + g"^^ and {n)g\ = {n)q{n — l)q...(l)i. Set 



n \ n, 



\i^J q {m)q\{n-m)q\ 
Then for all elements al'x^ € Tiv^g, we find the coproduct is given by 

i 



1 a^-^+'x^ (^a'x^-^. 



k=0 ^ ^ 1 

The Drinfeld double D{Tn,q) contains a universal i?-matrix given by 

N-l 

R=Y, a'x^ (8) {a'x^y. 

i,j=0 

But T/v,g has the Z-grading T/v,ij = ©p^^ where has basis {a^x^'lO <i< N}. Under this 
grading, the coproduct satisfies 

A-.AP^^A'^® AP-'^ Vp G Z. 
q 

Thus we note from Propositions 12. l l and 12.21 that the Drinfeld double D(T]\f^q) contains an 
algebraic solution of the parametric Yang-Baxter equation given by: 

N-l 

R{^) = ^ n^a'x^ ® {a'x^y. 

i,j=0 

This can in turn give rise to several matrix solutions of the parametric Yang-Baxter equa- 
tion, as the representation theory of the Taft algebras has been developed by Chen [15]. 
Explicitly, the A^^ irreducible representations of T]\f^q are given by 



k=i ^'^ ^^1- 



and 

>r„,((«-'-':^r) = (T55*' l<i<..-imod(N), 

otherwise, 
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where 1 < n,l < N. Here Cj j is the n X n-dimensional elementary matrix whose only non-zero 
entry is a 1 in the position. 

There are also A?^-dimensional indecomposable representations of TV.q, which can be found 
in [15]. They are given by: 



and, as before, 



-iU+l). 



N-j 



ik+j-l)J 



{N 



aw- ' 



1 < i < n — j mod(N), 
otherwise. 



When the representation [15] arising from ^ (g) V^ i is applied to the universal R-matrix 
of D{TN,q), AT > 3, it gives the Baxterized i?-matrix 
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It is worth noting that for / = A'' — 1, this matrix is a special case of the 9x9 matrix associated 
with f7g[si(2)] given earlier. 

Although the examples we have given are all upper triangular, this is not true in general. 
For a resultant matrix which is not triangular, we require a Z-grading which is not an N- 
grading. For example, the quantum double of lJ(^sl{2)\ contains such a grading. 



References 

[1] V.F.R. Jones, On a Certain Value of the Kauffman Polynomial, Commun. Math. Phys. 
125 (1989), 459-467. 

[2] V.F.R. Jones, Baxterization, Int. J. Mod. Phys. B 4 (1990), 701-713. 

[3] P.P. Kulish, N.Yu. Reshetikhin, E.K. Sklyanin, Yang-Baxter Equation and Representa- 
tion Theory : I, Lett. Math. Phys. 5 (1981), 393-403. 

[4] P.P. Kulish, N.Yu. Reshetikhin, Quantum linear problem for the Sine-Gordon equation 
and higher representations, J. Soviet Math. 23 (1983), 2435-2446. 

[5] Y.-Z. Zhang, M.D. Gould, Quantum Affine Algebras and Universal i?-Matrix with Spec- 
tral Parameter, Lett. Math. Phys. 31 (1994), 101-110. 



7 



[6] M. Jimbo, A q-Difference Analogue ofU{g) and the Yang-Baxter Equation, Lett. Math. 
Phys. 10 (1985), 63-69. 

[7] M. Jimbo, Quantum R Matrix for the Generalized Toda System, Commun. Math. Phys. 
102 (1986), 537-547. 

[8] R.B. Zhang, M.D. Gould, A.J. Bracken, From representations of the braid group to 
solutions of the Yang-Baxter equation, Nucl. Phys. B 354 (1991), 625-652. 

[9] G.W. Delius, M.D. Gould, Y-.Z. Zhang, On the Construction of Trigonometric Solutions 
of the Yang-Baxter Equation, Nucl. Phys. B 432 (1994), 377-403. 

[10] Y. Chang, M.L. Ge, K. Xue, Yang-Baxterization of Braid Group Representations, Com- 
mun. Math. Phys. 136 (1991), 195-208. 

[11] Y. Zhang, L.H. Kauffman, M.L. Ge, Yang-Baxterizations, Universal Quantum Gates 
and Hamiltonians, Quantum Inf. Process. 4 (2005), 159-197. 

[12] W. Galleas, M.J. Martins, New R-matrices from representations of braid-monoid alge- 
bras based on superalgebras, Nucl. Phys. B 732 (2006), 444-462. 

[13] K.A. Dancer, P.S. Isaac, J. Links, Representations of the quantum doubles of finite 
group algebras and spectral parameter dependent solutions of the Yang-Baxter equation, 
J. Math. Phys. 47, 103511 (2006). 

[14] E.J. Taft, The Order of the Antipode of Finite- dimensional Hopf Algebra, Proc. Nat. 
Acad. Sci. USA 68 (1971), 2631-2633. 

[15] H.-X. Chen, Irreducible Representations of a Class of Quantum Doubles, J. Algebra 225 
(2000), 391-409. 

[16] R.J. Baxter, Exactly Solvable Models in Statistical Mechanics, Academic Press, London 
(1982). 

[17] L.D. Faddeev, Two dimensional Integrable Models in Quantum Field Theory, Physica 
Scripta 24 (1981), 832-835. 

[18] V.G. Drinfeld, Quantum Groups, Proc. Internat. Cong. Math. Berkeley (1986), 789-820. 

[19] V.G. Drinfeld, Hopf Algebras and the Quantum Yang-Baxter Equation, Soviet Math. 
Dokl. 32 (1985), 254-258. 

[20] M. Jimbo, Introduction to the Yang-Baxter Equation, Int. J. Mod. Phys. A 4 (1989), 
3759-3777. 

[21] L. Lambe, On the Quantum Yang-Baxter Equation with Spectral Parameter I, Proc. 
London Math. Soc. (3), 68 (1994), 31-50. 

[22] V. Chari and A. Pressley, A Guide to Quantum Groups, Cambridge University Press 
(1994). 



8 



